This paper obtains a result on the finiteness of the number of integer solutions to decomposable form inequalities. Let k be a number field and let F (X 1 , ..., X m ) be a non-degenerate decomposable form with coefficients in k. We prove that, for every finite set of places S of k containing the archimedean places of k, for each real number < 1 m−1 and for each constant c > 0, the inequality
Introduction
Let k be a finitely generated (but not necessarily algebraic) extension field of Q. Let F (X 1 , . . . , X m ) be a form (homogeneous polynomial) in m 2 variables with co-efficients in k and suppose that F is decomposable, i.e. it factorizes into linear factors over some finite extension of k. Let b ∈ k * , where k * is the set of non-zero elements of k, and consider the decomposable form equation where R is a subring of k finitely generated over Z. Equations of this type are of fundamental importance in the theory of Diophantine equations and have many applications in algebraic number theory. Important classes of such equations are Thue equations (when m = 2), norm form equations, discriminant form equations and index form equations. The Thue equations are named after A. Thue [Th] who proved, in the case k = Q, R = Z, m = 2, that if F is a binary form having at least three pairwise linearly independent linear factors in its factorization over the field of algebraic numbers, then (1.1) has only finitely many solutions. Later, Lang [L1] extended Thue's result to the general case when k is a finitely generated extension field of Q and R is a subring of k finitely generated over Z. For the case m 2, after the works of Schmidt, Schlickewei, Laurent and others (cf. [Sch1, Schli, LA] ), Evertse and Györy [EG1] finally obtained a necessary and sufficient condition for (1.1) to have finitely many solutions, independently of the choice of b and R. In Section 3 of [EG1] , Evertse and Györy gave an equivalent form of this condition in the case where F factors into a product of linear forms over k. The following is the statement of their result. 
Theorem A (Evertse and Györy
has only finitely many solutions for every R, a subring of k finitely generated over Z.
Note that the condition (ii) is independent of the choice of L. The purpose of this paper is to study decomposable form inequalities when k is assumed to be a number field. To state our result, we first recall some definitions.
Let k be a number field of degree d. Denote by M(k) the set of places (equivalent classes of absolute values) of k and write M ∞ (k) for the set of archimedean places of k. For ∈ M(k) we choose the normalized absolute value | | such that | | = | | on Q (the standard absolute value) if is archimedean, whereas for non-archimedean |p| = p −1 if lies above the rational prime p. Denote by k the completion of k with respect to and by d = [k : Q ] the local degree. We put x , and the logarithmic height of x by h(x) = log H (x).
Let k be a number field, and let F (X 1 , . . . , X m ) be a decomposable form in m 2 variables with coefficients in k. For each finite set of places S of k containing the archimedean places of k, and for given two positive real numbers c and , we consider the solutions of the inequality
To state our result, we need the following definition. Definition 1.1. Let k be a number field and let F (X 1 , . . . , X m ) be a decomposable form in m 2 variables with coefficients in k. We say that F is non-degenerate if it satisfies the following conditions: there exists a finite algebraic extension k of k such that F factors into a product of linear forms over k and if we denote by L a maximal set of linear factors of F which are pairwise linearly independent, then the subspace
Note that the above definition is independent of the choice of L. The main result of this paper is as follows. 
has only finitely many O * S -non-proportional solutions. and for each constant c > 0, the inequality
Important examples of non-degenerate decomposable forms are those F (X 1 , . . . , X m ) such that deg F > 2(m − 1) and that any m linear factors of F over Q are linearly independent. In this case, K. Györy and the second author proved a stronger result (cf. [GR] ) as follows. Note that, if we take deg F = 2(m − 1) + 1 in above, then the condition for becomes < 1. Thus, we conjecture that the condition < 1 m−1 in Theorem 1.1 could be improved to < 1.
Theorem B (Györy and Ru). Let k be a number field and let

Generalization of Schmidt's subspace theorem
In this section, we prove a Schmidt's subspace-type theorem. In the theorem, we drop the "in general position" assumption for linear forms appearing in Schmidt's subspace theorem, only assuming that they are non-degenerate. Here, the meaning of that a set of pairwise linearly independent linear forms is non-degenerate is as follows.
Definition 2.1. Let k be a number field. A set L of finitely many pairwise linearly independent linear forms in n + 1 variables with coefficients in k is said to be non-
To state our result, we first recall the following statement of Schmidt's subspace theorem, due to Vojta (see [V] 
holds for all x ∈ P n (k) outside a finite union of proper linear subspaces of
Then, by the product formula,
holds for all x with L(x) = 0, where O(1) is a constant, independent of x. Hence we can rewrite (2.1) as
We prove the following result which might be interesting in itself. 
Proof. Before proving Theorem 2.1, we first make two observations. First, we have the following height inequality:
for z, x 1 , . . . , x m , y 1 , . . . , y l ∈ k with z = 0. To show (2.5), we recall that, for every
This proves (2.5). The second observation is that the non-degeneracy is preserved by restriction to the linear subspaces V of P n such that none of the linear forms in L vanishes identically on V. To show this, let V be a subspace of P n such that none of the linear forms in L vanishes identically on V. For a linear form L ∈ L denote by L |V the restriction of L to V. Let M be a maximal subset of pairwise linearly independent linear forms from {L |V : L ∈ L}. Then we claim that M is non-degenerate. In fact, since dim(
To continue, for a subset I = {i 1 , . . . , i t } of {1, . . . , q}, we define
We prove by induction on s the following claim:
Claim. For every s with 2 s n + 1 there is a subset I of {1, . . . , q} (independent of x) with rank{L i : i ∈ I } s such that, for every > 0, the inequality
holds for every x ∈ P n (k) outside some finite union of proper linear subspaces of P n (k).
To prove the Claim, we first settle the case s = 2. Since L is non-degenerate, there is a linear relation i∈I c i L i = 0, (2.7)
where I is a subset of {1, . . . , q} of cardinality 3 and all c i = 0. By shrinking I if needed, we may assume that each proper subset of {L i : i ∈ I } is linearly independent. Further, the set {L i : i ∈ I } has rank at least 2. Without loss of generality, we assume that I = {1, . . . , t + 1}. Let I = {1, . . . , t}. Then {L i : i ∈ I } is linearly independent and it also has rank at least 2. Applying Schmidt's subspace theorem to the linear
for all P ∈ P t−1 (k) outside a finite union of proper linear subspaces T 1 , . . . , T M . Since {L i : i ∈ I } is linearly independent, the points x ∈ P n (k) with P I,x ∈ ∪ M =1 T is contained in some finite union of proper linear subspaces of P n (k). Hence, outside some finite union of proper linear subspaces of P n (k), we have
Note that,
vanishes for all, but finitely many, places , so
is a constant, independent of x. Therefore, we have, for 1 l t,
vanishes for all, but finitely many, places ,
is a constant, independent of x. Hence,
Combining (2.9)-(2.11), we have,
for every x ∈ P n (k) outside some finite union of proper linear subspaces of P n (k). Hence the claim is proved for s = 2. Now, let 2 s n and assume that the claim holds for s, i.e., a subset I of {1, . . . , q} (independent of x) exists with rank{L i : i ∈ I } s, such that, for every > 0, (2.6) holds for every x ∈ P n (k) outside some finite union of proper linear subspaces of P n (k). If either rank{L i : i ∈ I } > s or s = n, then the induction step is completed. So we assume that rank{L i : (1) and by the induction hypothesis, for every > 0,
holds for every x ∈ P n (k) outside some finite union of proper linear subspaces of P n (k), we have
for all x ∈ P n (k) outside some finite union of proper linear subspaces of P n (k). On the other hand, completely similar to (2.12) we have, for every > 0, the inequality
(2.14)
for all x ∈ P n (k) outside some finite union of proper linear subspaces of P n (k). Now letĨ := {i 0 }∪I ∪ J . Then rank{L i : i ∈Ĩ } rank{L i : i ∈ I }+1 s + 1 since each form L j with j ∈ J is linearly independent of the linear forms in A, hence of L i , i ∈ I . Further, by (2.5),
By combining this with (2.13) and (2.14) we obtain
for all x ∈ P n (k) outside some finite union of proper linear subspaces of P n (k). This completes the induction step, and thus proves the Claim.
We now continue the proof of Theorem 2.1. Let I be a subset of {1, . . . , q} as in the Claim with s = n + 1. Then all linear forms in n + 1 variables X 0 , . . . , X n can be expressed as linear combinations of the linear forms L i (i ∈ I ), so in particular the forms X 0 , . . . , X n . Consequently, h(x) h(PĨ ,x ) + O(1) for x ∈ P n (k). Fixing > 0, by our claim we have
holds for all x ∈ P n (k) outside some finite union of proper linear subspaces of P n (k). We complete the proof of the theorem by induction on n. For n = 0 the theorem is clearly true. Suppose that the theorem is true for projective spaces of dimension at most n − 1 for some n 1. Consider inequality (2.4) for dimension n. We know, from (2.15) that (2.4) holds for all x ∈ P n (k) outside some finite union of proper linear subspaces of P n (k). Let V be one of these exceptional subspaces. Since we only consider those points x with L(x) = 0 for every L ∈ L, we only need to consider those V such that none of the linear forms from L vanishes identically on V. Then, by our second observation stated in the beginning of the proof that M is non-degenerate, hence the induction hypothesis is applicable. So
By applying this to all exceptional subspaces we infer that (2.4) holds for all x ∈ P n (k). This completes the proof.
Proof of the main theorem
By the assumption, F is non-degenerate. So there exits a finite algebraic extension k of k such that 
